The preconditioned conjugate gradient method (PCGM) in combination with the boundary element method (BEM) is developed for reconstructing the boundary conditions in 3-D potential. Morozov's discrepancy principle is employed to select the iteration step. The semi-analytical integral algorithm is proposed to treat the nearly singular integrals when the interior points are very close to the boundary. The numerical results confirm that the PCGM produces convergent and stable numerical solutions with respect to decreasing the amount of noise added into the input data. The numerical solutions are sensitive to the locations of the interior points when these points are distributed near the boundary without boundary conditions. The results are more accurate when these points are closer to the boundary.
Introduction
Inverse problems are very important in engineering and science. Many unmeasurable physical quantities need to be determined from known data. There are different kinds of inverse problems. 1) Reconstruction inverse problem: the boundary conditions are unknown on all or part of the boundary. 2) Identification inverse problem: part of the domain or its boundary is unknown, such as the problems with crack, flaw, defect, cavity, erosion, etc. 3) Material property inverse problem: the properties of the material, such as Young's modulus, Poisson's ratio, the linear coefficient of thermal expansion, are not known. 4) External source inverse problem: the loads or sources are unknown. 5) Modelization inverse problem: the differential equation is not known. The boundary element method is becoming more and more important as a classic numerical method to solve different inverse problems [1] . Inverse problems are in general unstable in the sense that small noise in the input data may amplify significantly the errors in the solution. So the regularization techniques are very critic to the inverse numerical analysis [2] .
It is often encountered that all the potentials and potential gradients are known on a part of the boundary and no boundary data can be directly measured on the rest of the boundary in engineering for potential problems, which is the reconstruction inverse problem, also named as Cauchy problems. The measurable information of internal points is helpful to obtain all unknown boundary conditions.
The function specification method and the zeroth-order regularization procedure were employed by Kurpisz and Nowak [3] to solve the inverse transient heat conduction problems. The mathematical mechanism of the illposed Cauchy problem for Laplace equation was analyzed by Chen and Chen [5] . An iterative method was applied to solve Cauchy inverse problem for the Laplace equation by Lesnic et al. [4] . The sequential function specification method was used by Chantasiriwan to determine the unknown time-dependent boundary heat flux from temperature measurements inside a body or on its boundary [6] . The dual reciprocity boundary element method in conjunction with iterative regularization methods of conjugate gradient type was discussed by Singh et al. [7] for the solution of time-dependent inverse heat conduction problems. The influence of measurement location, measurement error and element option were investigated. An inverse problem for Laplace equations was recast into primary and adjoint boundary value problems by Hayashi et al. [8, 9] . The Dirichlet and Neumann data were specified on respective part of the boundary, while no data on the second part of the boundary were given and Robin condition was prescribed on the third part of the boundary. An iterative approach was introduced by Delvare et al. [10] . The Cauchy inverse problem for Laplace equation was reduced to a sequence of well-posed optimization problems under equality constraints. The desingularized meshless method was used to solve boundary-value problems with specified boundary conditions. The accompanied ill-posed problem in the inverse problem was remedied by using the Tikhonov regularization method and the truncated singular value decomposition method (TSVD) [11] . Mera et al. [12] proposed an iterative boundary element for singular Cauchy problems in anisotropic heat conduction with an abrupt change in the boundary conditions and with a sharp re-entrant corner. Onyango et al. [13] [14] [15] [16] [17] investigated the determination of the boundary conditions and time-dependent heat transfer coefficient in transient heat conduction using the BEM. Simoes et al. [18] developed an experimental validation of 2D and 2.5D BEM solutions for transient heat conduction in systems containing heterogeneities. They also presented an experimental validation of a semi-analytical solution for transient heat conduction in multilayer systems [19] . Alifanov and Nenarokomov [20] described an algorithm to process the data of unsteady-state thermal experiments and find the surface heat flux and temperature as functions of spatial coordinates and time. Gao and He [20] and Cui et al. [22] proposed the complex-variable differentiation method to identify thermal properties for heat conduction problems.
In this paper, the boundary potentials and potential gradients on a part of boundary are identified using the over-specified boundary conditions on the remaining boundary and the information of interior points in the BEM for 3-D Cauchy potential inverse problems. The PCGM in combination with the BEM is developed to regularize the Cauchy inverse problem. Morozov's discrepancy principle is employed to select the iteration step. The semi-analytical integral algorithm is proposed to treat the nearly singular integrals when the interior points are very close to the boundary.
Boundary integral equations
Consider three-dimensional potential problem. For an interior point y , the boundary integral equation can be given as
When the source point y locates on the boundary  , the boundary integral equation can be written as
where ) (
is the fundamental solution of potential problems, and ) ( * y x, q is the gradient of potential with respect to an outward normal to the boundary. ) ( y C is the boundary singular coefficient, which is determined by the boundary geometry characterization.
The potential gradients k q at the interior point y with respect to directions k x can be obtained by differentiating Eq. (1)
The integral kernel functions in Eqs (1)- (3) are given as follows
where r is the distance between the source point y and arbitrary field point x on the boundary.
After the boundary integral equations (1)- (3) are discretized by a set of boundary elements, and both the known boundary conditions and interior points' information are introduced in, the system equation can be written as
Ax b 
(8) Next, the iterative regularization method is proposed to treat the boundary condition inverse problems with respect to Eq. (8).
The preconditioned conjugate gradient method (PCGM)
The PCGM is an iterative regularization method to solve the linear algebraic equation, and it is one of the most effective methods [23, 24] . For the ill-posed linear algebraic equation Ax b  , we have the computation procedure as follows . The matrix T , L and the vector x can be partitioned
Numerical example
Example 1: Heat conduction in a cube. The side length of the cube is 2m, as shown in Fig. 1 . The temperature and flux conditions on the 4 lateral surfaces and the upper surface are specified. All boundary conditions on the bottom surface are unknown. The exact temperature solution for the problem is
. In the BEM model, the boundary is discretized by 24 8-node quadratic elements.
In order to investigate the accuracy of numerical solutions, we evaluate the relative errors defined by Heat conduction in a cube.
Numerical experiments show that we cannot obtain accurate results if without information at sufficient internal points. So we add 20 internal points on the surface x 3 =1cm to discuss the influence of the random perturbations. The fluxes of these interior points are given. The exact and numerical solutions of potentials u and gradients q at the nodes on the bottom surface of the cube, respectively, are shown in Figs 2 and 3 for different random perturbations. The relative errors e u and e q for each case are listed in Tab. 1. From Figs 2 and 3 , it can be seen that numerical solutions are in good agreement with exact solutions. Furthermore, the numerical solutions converge to the exact ones as the random perturbations decrease. From Tab. 1, it can be seen that the relative errors decrease as the random perturbations decrease from 1% to 0%. Numerical experiments show that the results of the gradients will be inaccurate if the perturbation increase to 2%, so the results are omitted to plot in Figs 2 and 3. Potential gradients at nodes on the bottom surface for different perturbations. Potential gradients at nodes on the bottom surface for different positions.
It should be noted that the interior points located on the three different surfaces are very close to the boundary, the discretized boundary integrals are nearly singular. The boundary condition solutions will oscillate if the boundary integrals are calculated by the conventional Gaussian quadrature, even the PCGM for the inverse problem is normally carried out. In this instance, the semianalytical integral algorithms [25, 26] are employed to tackle the nearly singular integrals. Therefore the accurate numerical solutions can be obtained by the PCGM.
Conclusions
Three-dimensional Cauchy inverse problems for the Laplace equation are solved by using the boundary element method in conjunction with the PCGM. The boundary element method has a great advantage on solving this kind of inverse problems, because only the contour of the considered domain is divided into meshes and the unknown boundary conditions can be identified based on the given boundary data and internal information. The PCGM is a stable method to regularize the inverse problem. Morozov's discrepancy principle is effective to select the iteration step. The semi-analytical integral algorithm is accurate to treat the nearly singular integrals when the interior points are very close to the boundary. The numerical results confirm that the PCGM produces convergent and stable numerical solutions with respect to decreasing the amount of noise added into the input data. The numerical solutions are sensitive to the locations of the interior points when these points are located near the boundary without known boundary conditions. The results are more accurate when these points are closer to the boundary. 
